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1 Miscellaneous notations

e The infix sign “=" is read as “is defined to be”, as in “N = the set of natural numbers”.
e Summing from O to a given natural number n:
n
d A=04+T1424...+(n=2+n-1)+n
i=0

Equivalently, one can also write ) :" 1.

7

In the lecture notes, Z{‘:Oiis writtenas “ sum for i = 0 to n of i

e Summing from a given natural number m to a given natural number n, where m < n:

Y izm+m+)+m+2)+...+ M-+ n-1+n

77

In the lecture notes, ) - 1iiswrittenas” sum for i = m to n of i
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e Summing from a given natural number m to the same natural number m (a border

case):
m
> i
i=m

m

4

In the lecture notes, ) ", iis writtenas” sum for i = m to m of i

e Summing from a given natural number m to a given natural number n, where m > n
(a pathological case):

n
Y i=0
i=m
e A nested sum, Version 1:

ny np

> [ D G+

i=my \j=m2

np np ny 1%
=) (m++ ) ((m+D+H)+ .+ ) (u=1)+)+ D (u+j)
j=my j=my j=m3 j=my

In the lecture notes,

ny np
2| 2 i)
i=m; \j=m2

is unambiguously written as

— sum for i = ml to nl of (sum for j = m2 to n2 of (i + j))
— sum for i = ml to nl of (sum for j = m2 to n2 of i + j)
- sum for i = m1 to nl of sum for j = m2 to n2 of (i + j)
— sum for i = ml to nl of sum for j = m2 to n2 of i + j

e A nested sum, Version 2:

> () GH)

i=m; j=m;

= Y ((A+ma)+A+ma+1))+. .+ (i+(ne—T1))+(i+my))
= Z (i+ma+i+(ma+1)+. . .+it+(ny—1)+i+ny)

i:m1



2 Mathematical induction

Definition 1 (Inductive characterization of natural numbers). A natural number is either 0 or
it is the successor of a natural number.

Definition 2 (Proof by mathematical induction). A property indexed by a natural number holds
for any natural number if and only if

base case: it holds for 0, and

induction case: assuming that it holds for a natural number, it also holds for the successor of this
natural number.

3 Sum of the first even natural numbers

Proposition 3.
n
vn € N, Zin:nx (n+1)
i=0

Definition 4 (predicate notation).

n
vn € N, P(n)EZZXi:nx(n—H)
i=0

Proof of Proposition
Let us prove that P(n) holds for any n, by induction on n.

base case: We need to show that P(0) holds, i.e., that the following equality

holds:
0

Y 2xi=0x(0+1)
i=0
The left-hand side, Z(i):o 2 x 1, simplifies to 0.
The right-hand side, 0 x (0 + 1), simplifies to 0.
Since the left-hand side and the right-hand side coincide, the equality holds,
i.e., P(0) holds. The base case is thus proved.
induction case: under the induction hypothesis P(k) for some natural number
k, we need to show that P(k 4 1) holds as well.
The induction hypothesis reads:

k
Y 2xi=kx(k+1)
i=0

We need to show that the following equality holds:

k+1
Y 2xi=(k+1)x((k+D+1)
i=0
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Let us start from the left-hand side and reason our way towards obtaining
the right-hand side, i.e., (k + 1) x (k + 2):

ZEJ 2xi

= {by definition of a sum}

(XK o2xi)+2x (k+1)

= {using the induction hypothesis}
(kx(k+1))+2x(k+1)

= {since X is commutative}
(k+1) xk)+(k+1)x2

= {by factoring (k + 1) on the left}
(k+1) x (k+2)

which coincides with the right-hand side.

Since the left-hand side and the right-hand side are equal, the equality holds,
i.e.,, P(k + 1) holds. The induction case is thus proved.

So we have shown that P(0) holds, and that for any natural number k such that
P(k) holds, P(k + 1) holds as well. Therefore P(n) holds for all natural numbers
n, which proves Proposition 3|

4 Sum of the first exponents of a natural number

Proposition 5.
noo g
Vx € N such that x > 2,¥n € N, le == =7
i=0

x—1

Definition 6 (predicate notation).
n .
Vx € Nsuch thatx > 2,vn € N; Z(x,n) = Zx‘ = —

Proof of Proposition

Let us prove that for any given x such that x > 2, Z(x,n) holds for any n. We
proceed by induction on n.

base case: We need to show that Z(x,0) holds, i.e., that the following equality

holds:
XO—H -1

0
ZXi: x—1

i=0

The left-hand side reads as follows:



Y ox
= {by definition of a sum}
0
X
= {by definition of exponentiation of integers}
1

The right-hand side reads as follows:

X0+1*1

Since the left-hand side and the right-hand side coincide, the equality holds,
ie., Z(x,0) holds. The base case is thus proved.

induction case: under the induction hypothesis Z(x, k) for some natural number
k, we need to show that Z(x,k + 1) holds as well.

The induction hypothesis reads:

We need to show that the following equality holds:

k+1
X(k-H)-H -1

x—1

Let us start from the left-hand side and reason our way towards obtaining
the right-hand side, katz]_ 1.

Yo

1=

= {by definition of a sum}

(Z]E:O Xi) xR

= {using the induction hypothesis}

X1 k+1
e X
xk+1_1 XK1 % (x—1)
x—1 x—1
= {distributing x**1 on the left of x — 1}
Xk+1 -1 Xk+27Xk+]
x—1 x—1

xk+1_1 +xk+2 —xk+1

x—1
= {simplifying and reordering}
Xk+2_]
x—1




which coincides with the right-hand side.

Since the left-hand side and the right-hand side are equal, the equality holds,
i.e.,, Z(x,k + 1) holds. The induction case is thus proved.

So we have shown that Z(x, 0) holds, and that for any natural number k such that
Z(x,k) holds, Z(x,k + 1) holds as well. Therefore for any given x, Z(x,n) holds
for all natural numbers n, which proves Proposition[5|

O

Exercise 7. Can you think of an alternative solution that does not use mathematical induction?
(Hint: multiply x — 1 on the left and on the right of the putative equality, and simplify on the left.)

Exercise 8. Prove the following statement:

n
Vnen, » 2t=2""-1
i=0

5 Exponentiating a 2 x2-matrix
Definition 9 (2 x2-matrix multiplication). For all numbers x11, X12, X21, X22, Y11, Y12, Y21, Y22,

X111 X12 % Yn Yz _ [Xn XY +X12 XYz X1 X Y12 +%x12 X Y2
X21 X22 Y21 Y2 X21 X Y11 +X22 X Y21 X21 X Y12 +X22 X Y22

Property 10 (2x2-matrix multiplication is associative). For all 2x2-matrices My, M, and M3,

M] X (MzXMg) :(M1 X Mz) XM3

Definition 11 (the identity 2 x2-matrix). The identity 2 x2-matrix is defined to be I = L]) (])] :

Property 12 (I is neutral for 2 x2-matrix multiplication). The identity matrix is neutral for 2x2-
matrix multiplication on the left and on the right: for any 2 x2-matrix M,

IxM=M=Mx1
Definition 13 (exponentiation of a 2x2 matrix). For any 2x2-matrix M,
e MO=1
e Vne N, MM = M" x M

111" 1 n
vnen, [o 1] _[o 1]

Definition 15 (predicate notation).

Proposition 14.

vn e N, E(n)

Il
| —
o —
—_—
—_
3
I
| —
S —
- 3
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Proof of Proposition
Let us prove that E(n) holds for any n, by induction on n.

base case: We need to show that E(0) holds, i.e., that the following equality

holds:
1 11° o
01 o1

By definition of matrix exponentiation, the left-hand side is I.
The right-hand side is also I.

Since the left-hand side and the right-hand side are equal, the equality holds,
i.e., E(0) holds. The base case is thus proved.

induction case: under the induction hypothesis E(k) for some natural number
k, we need to show that E(k 4+ 1) holds as well.

The induction hypothesis reads:

bl -b Y

We need to show that the following equality holds:

1 1 k4
o1 “lo 1

Let us start from the left-hand side and reason our way towards obtaining

the right-hand side:
SEESLEY
0 1

= {by definition of matrix exponentiation}
11 1

o 1] ”~ [o 1]

= {using the induction hypothesis}

1 K] " [1 1]

0 1 0 1

= {by_definition of matrix multiplication}

(1 k+1
0o 1

which coincides with the right-hand side.

Since the left-hand side and the right-hand side are equal, the equality holds,
i.e.,, E(k + 1) holds. The induction case is thus proved.

So we have shown that E(0) holds, and that for any natural number k such that
E(k) holds, E(k + 1) holds as well. Therefore E(n) holds for all natural numbers
n, which proves Proposition [14]



Proposition 16.

(IR R LA
vn e N, [] J = [2“ 2“]
Exercise 17. Prove Proposition

Proposition 18.

2 2 n+1 22n+1 22n+1
Vn € N, [2 2] = [22”“ 22n+1:|

Exercise 19. Prove Proposition
Proposition 20.

4:| n+1 [23n+2 23n+2:|

4
vneN, [ 2342 93n+2

4 4
Exercise 21. Prove Proposition 20}
Proposition 22.

8 8:| n+1 |:24n+3 24n+3:|

Vn € N, |:8 8 24n+3 74n+3

Exercise 23. Prove Proposition

Exercise 24. Do you see a pattern in the previous 4 exercises? Care to generalize it and to prove it?

Exercise 25. Let F = E (])]

Calculate, by hand or using a Scheme program, the 8 first successive powers of F, i.e., FO, F, F2, 3,
F*, P, F°, and F/. What do you observe? Could you prove it, and if so how?

Exercise 26. Let G = [? ”

Calculate, by hand or using a Scheme program, several successive powers of G. What do you observe?
Could you prove it, and if so how?

Definition 27 (alternative exponentiation of a 2x2 matrix). For any 2x2-matrix M,
e MO=1
e VneN, MM =M x M*
Exercise 28. Using this alternative definition of exponentation, re-prove Proposition
Proposition 29. For any 2x2-matrix M, Vn € N;M x M™ = M™ x M, using Definition |13}
Definition 30 (predicate notation).
VM, Yn e N, RIM,n) =M x M" = M" x M

Proof of Proposition



Let us prove that for any given M, R(M,n) holds for any n. We proceed by
induction on n.

base case: We need to show that R(M, 0) holds, i.e., that the following equality
holds:
Mx M =M’ xM

Let us start from the left-hand side and reason our way towards obtaining
the right-hand side:

M x M°
= {by definition of exponentiation}
M x 1

= {since I is right-neutral for matrix multiplication}
M

Let us continue from the right-hand side and reason our way towards ob-
taining the left-hand side:

M® x M
= {by definition of exponentiation}
IxM

= {since [ is left-neutral for matrix multiplication}
M

The left-hand side and the right-hand side are equal, and therefore R(M, 0)
holds. The base case is thus proved.

induction case: under the induction hypothesis R(M, k) for some natural num-
ber k, we need to show that R(M, k + 1) holds as well.

The induction hypothesis reads:
M x M¥ =M*x M
We need to show that the following equality holds:

M x MkJr] — Mk+1 <« M

Let us start from the left-hand side and reason our way towards obtaining
the right-hand side:

M x MKk+1

= {by Deﬁnition

M x (MK x M)

= {since matrix multiplication is associative}
(M x M¥) x M

= {by induction hypothesis}

MK « M

which coincides with the right-hand side.

Since the left-hand side and the right-hand side are equal, the equality holds,
i.e.,, R(M, k + 1) holds. The induction case is thus proved.
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So we have shown that R(M, 0) holds, and that for any natural number k such
that R(M, k) holds, R(M, k+1) holds as well. Therefore for any given M, R(M, n)
holds for all natural numbers n, which proves Proposition 29}

O
Exercise 31. Prove that for any 2x2-matrix M, ¥n € NyM x M™ = M™ x M, using Definition[27]
Corollary 32. Definitions[13|and[27)are equivalent.

1 o™ 1 0
wn eN, [1 1] :[n 1]

Exercise 34. Using either definition of exponentiation, prove Proposition [33|by mathematical induc-
tion.

Proposition 33.

6 Transposing a 2x2-matrix
Definition 35 (2x2-matrix transposition). For any 2x2-matrix M,

[XH X12]

X21  X22
its transposed version, noted ™, reads as follows:

[Xn X21]

X12 X22
Property 36 (transposition is involutive). For any 2x2-matrix M, '(TM) = M.

Lemma 37. For any 2x2-matrices Xand Y, '(X x Y) = Y x X

Proof of Lemma
Let X = [X” X]z} and letY = [y” 912}
X21  X22 Y21 Y22

Let us start from the right-hand side.

TY x TX
= {by definition of matrix transposition}
[Un 921] % [Xn qu
Y1z Y2 X12 X22
= {by definition of multiplication}
[Xn XY +X12 X Y21 X1 X Y11 +X22 X Yo1
X711 X Y12 +X12 X Y22 X21 X Y12 +X22 X Y22

= {by definition of matrix transposition}
X xY)

10
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Proposition 38. Transposition (Definition [35) and exponentiation (Definition [13) commute with
each other.

Definition 39 (predicate notation).
YM, Yn e N, Q(M,n) = "(M™) = ("M)"
Proof of Proposition

Let us prove that for any given M, Q(M,n) holds for any n. We proceed by
induction on n.

base case: We need to show that Q(M, 0) holds, i.e., that the following equality

holds: o
M%) =("™M)

Let us start from the left-hand side and reason our way towards obtaining
the right-hand side:
T( MO )
= {by definition of exponentiation}
-

I

= {by definition of transposition}
I

Let us continue from the right-hand side and reason our way towards ob-
taining the left-hand side:

("™M)°

= {by definition of exponentiation
y P

I

The left-hand side and the right-hand side are equal, and therefore Q(M, 0)
holds. The base case is thus proved.

induction case: under the induction hypothesis Q(M, k) for some natural num-
ber k, we need to show that Q(M, k + 1) holds as well.

The induction hypothesis reads:
M) = (M)
We need to show that the following equality holds:
TMkH) = (TM)k+1

Let us start from the left-hand side and reason our way towards obtaining
the right-hand side:

11



T( MEk+1 )
= {by definition of exponentiation}

(MK x M)

= {using Lemma [37]}

™ x TaE;Mk)

= {using the induction hypothesis}

™ x (TM)®

= {using Proposition 29|for "M}

(TM)* x ™

= {by definition of matrix exponentiation}
(M)

which coincides with the right-hand side.

Since the left-hand side and the right-hand side are equal, the equality holds,
ie., Q(M,k + 1) holds. The induction case is thus proved.

So we have shown that Q(M, 0) holds, and that for any natural number k such
that Q(M, k) holds, Q(M,k + 1) holds as well. Therefore for any given M,
Q(M,n) holds for all natural numbers n and so indeed, transposition and ex-
ponentiation commute with each other, which proves Proposition

O

Exercise 40. Observing that (]) } and 1 (1) are the transposed matrices of each other, formulate

a new proof of Proposition|33|that does not use mathematical induction.

7 Nested sums
Proposition41. Vf :NxN—- N,Vyme N,vyne N, 3 "/ Z}l:o f(i,j) = Z]Tl:o > fli,5)

Definition 42 (predicate notation).

n

m n m
VE:NxNoNymeNVneN, C(fmmn)=) > f(i,j)=) > f(ij)
i=0 j=0 j=0 i=0

Proof of Proposition

Let us prove that for any given f, C(f, m,n) holds for any m and n, by induction
on m.

base case: We need to show that vn € N, C(f,0,n) holds, i.e., that the following
statement holds:



For any given n, the left-hand side, Z? 0 2_jeo (i), simplifies to Z;l o F(0,3),
and the right-hand side, 3 " 59, f(i,j), also simplifies to 20 f(0,5).
Since the left-hand side and the right-hand side coincide, the equality holds,
ie,VVn e N, C(f,0,n) holds. The base case is thus proved.

induction case: under the induction hypothesis that vyn € N, C(f, k,n) holds for
some natural number k, we need to show that Yn € N, C(f,k + 1,n) holds
as well.

For any given n, the induction hypothesis reads:
k n n ok
PIDIRCHEDIDIRILS
i=0 j=0 j=0 i=0

We need to show that the following equality holds for the given n:

k+1 n n k+1
2D flLi)=2 > )
i=0 j=0 j=0 i=0
Let us start from the left-hand side and reason our way towards obtaining
the right-hand side:
1
Zk+ ZJ =0 1)]

= {by definition of a sum}

(o X fL,3) + o flk+1,5)
= {by induction hypothesis}

(Z) OZ1 0 a]))'i_z]n:of(k'i_])])
Yo (g f(y3) + fk+ 1))
Z) Ozk+1

which coincides with the right-hand side.

Since the left-hand side and the right-hand side are equal and we made no
hypothesis on the given n, the equality holds for any given n, i.e., Vn €
N, C(f,k + 1,n) holds. The induction case is thus proved.

So we have shown that Vn € N, C(f,0,n) holds, and that for any natural number
k such that Vn € N, C(f,k,n) holds, Yn € N, C(f,k + 1,n) holds as well. There-
fore for any given m, Vn € N, C(f, m,n) holds, which proves Proposition 41}

Definition 43. [[;i=1x2x...x(n—1)xn
Proposition44. Vf :Nx N - N,ym e Nyvn e N, [ 0]_[] ~o f(i,7) ]_[] Lo T, f(i,5)

Exercise 45. Prove Proposition [44]
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8 Nested induction

The goal of this section is to illustrate nested induction, i.e., the use of an induction proof in
the course of an induction proof. To this end, here is a classical example, the Ackermann-

Péter function/ A : N x N — N, which is defined as follows:
AOm) = n+1
Am+1,0) = A(m,1)
Am+1I,n+1) = A(mA(m+1,n))
Proposition 46. Vm € N,vn € N; A(m,n) >n
Proof of Proposition [46}

Let us prove that the inequality A(m,n) > n holds for any m and n. We proceed
by induction on m.

outer base case: We need to show that vn € N, A(0,n) > n holds.
Let us start from the left-hand side, for any given n:

A(0,n)
= {by definition of A}
n+1

Since n + 1 > n for any given n, the outer base case is proved.

outer induction case: under the outer induction hypothesis vn € N, A(i,n) >n
for some natural number i, or equivalently Vn € N, A(i,n) > n+1 for some
1, we need to show that Vn € N, A(i+ 1,n) > n holds as well.
We proceed by induction on n.

inner base case: We need to show that the inequality A(i + 1,0) > 0 holds.
Let us start from the left-hand side:
A(i+1,0)
= {by definition of A}
A(i,1)
> {by applying the outer induction hypothesis to 1}
1

Since 1T > 0, the inner base case is proved.
inner induction case: under the inner induction hypothesis that the inequal-
ity A(i+1,j) > j holds for some natural number j, we need to show that
the inequality A(i+1,j+ 1) >j + 1 holds as well.
Let us start from the left-hand side:
Al+T1,j+1)
= {by definition of A}
AL AL+1,)))
> {by applying the equivalent outer induction hypothesis to A(i + 1,j)}
A(i+T1,j)+1
> {by applying the inner induction hypothesis to j}
j+1
The inequality holds, and the inner induction case is thus proved.
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So we have shown that the inequality A(i+1,0) > 0 holds, and that for any
natural number j such that the inequality A(i+1,j) > j holds, the inequality
A(i+1,j+1) > j+ 1 holds as well. Therefore the inequality A(i+1,n) >n
holds for all natural numbers n. The outer induction case is thus proved.

So we have shown that ¥n € N, A(0,n) > n holds, and that for any natural
number 1 such that Vn € N, A(i,n) > n holds, V/n € N, A(i+ 1,n) > n holds

as well. Therefore the inequality ¥n € N, A(m,n) > n holds for all natural
numbers m, which proves Proposition [46]

The young gulls looked at him quizzically.
Hey, man, they thought, this doesn’t sound like a rule for a loop.

Fletcher sighed and started over.
“Hm. Ah... very well,” he said, and eyed them critically.

“Let’s begin with Level Flight.”
—Richard Bachll]

This is some geeky movie reference, isn't it?ﬂ
—Jorge Cham

2This one isn’t. It is from a book. CONSTANT VIGILANCE!
—|Alastor “Mad Eye” Moody
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